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Answer all the questions:
1. Answer any three of the following questions: 10x 3=30

a) i) If f is a bounded real valued function defined on [a, b], « is monotonically
increasing on [a,b] and P* is a refinement of P, then prove that L(P, f,a) <
L(P*, f,a) and U(P*, f,a) <U(P, f,«a).

ii) Let f be a bounded real valued function defined on [a, b] and e be monotonically
increasing on [a, b]. Prove that fab fda < f; f da.

b) 1) Show thatf' € R(«) on [a, b] if and only if for every € > 0, there exists a partition
P of [a,b] such that U (P, f, ) — L(P, f, ) < €.
ii) Let f be a bounded real valued function defined on [a,b]. If U(P, f,a) —
L(P, f,a) < ¢ holds for some partition P = {a = z¢,21,...,2, = b} of
[a,b] and some £ > 0, then show that > | | f(s;) — f(t;)|Aa; < e, if s;,8; €
[1‘1;1, 33‘1]

¢) Let f1, fo € R(«) on [a, b]. Show that f; + fo € R(«) on [a, b] and
f;(fl + f2) da = f;fl do + f,ffz dao.

d) 1) If f is continuous on [a, b] and « is monotonically increasing on [a, b], then show
that f € R(a) on [a, b].
ii) Let o be monotonically increasing on [a,b]. Suppose f € R(«) on [a,b],
m < f < M, ¢ is continuous on [m, M| and h(z) = ¢(f(x)) on [a, b]. Show that
h € R(«) on [a, b)].

e) i) Let f € R on [a,b] and let F(z) = [ f(t)dt for all z in [a,b]. Show that F is
continuous on [a, b]; and F is differentiable at ¢ € [a,b] and F’(zg) = f(xo) if
f is a continuous at z.
ii) If f € R on [a,b] and there is a differentiable function F' on [a, b] such that
F’ = f, then prove that f: f(x)dx = F(b) — F(a).

Page 1of 2



MAT-502

2. Answer any three of the following questions: 10x 3=30

a) Define the rearrangement of a sequence of real numbers. If Y7 | a,, converges
absolutely to A, the show that any rearrangement >~ | al, of > | a,, converges
absolutely toA.

b) State and prove the Riemann’s rearrangement theorem on series of real numbers.

¢) i) Suppose lim,,_, oo fr(2) = f(z) forall z € E.

Put M,, = sup,c | fn(x) — f(z)|. Prove that f,, — f uniformly on £

and only if M,, — 0 asn — oc.

ii) Show that the sequence { f,, }, where f,,(z) = 17—, is uniformly convergent
on any closed interval I.

d) 1) Let {f,} be a sequence of continuous function defined on F, and let f,, — f
uniformly on E. Prove that f is continuous on E.

ii) Let { f,, } be a uniformly convergent sequence with uniform limit f on [a, b] and
let f,, be integrable on [a, b] for all n € N. Prove that f is integrable on [a, b] and
f[f f(x)dxr = lim, o f; fo(z)dz..

e) State and prove the Abel’s test for uniform convergence of series of functions.

3. Answer any two of the following questions: 10 x 2=20

a) 1) If A € L(R™,R™), then prove that || A|| < co and A is a uniformly continuous
mapping of R™ into R™.
i) If A, B € L(R™,R™) and c is a scalar, then prove that
|A+ BJ < ||A|| +|1B|| and [|cA| = |c|||A]ll. Also show that L(R™,R™) is a
metric space with the distance between A and B defined by || A — B]|.

iii)If A € L(R",R™) and B € L(R™, R¥), then prove that || BA|| < || B| || A].

b) i) Let E be an open set in R”, f maps E into R", x € E and
limy,_,q W = 0 holds with A = A; and with A = A,. Prove that
A = As.
ii) Suppose E is an open set in R", f maps E into R™, f is differentiable at
ro € E, g maps an open set containing f(E) into R¥, and g is differentiable at
f(zo). Prove that the mapping F of E into R¥ defined by F(z) = g(f(z)) is
differentiable at zq, and F'(xo) = ¢'(f(x0)) f'(z0).
iii) State and prove Inverse function theorem.
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