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1. Answer any 3 (three) of the following questions: 10 X 3 = 30
a) Define an ordinary point. Solve in power series the
Legendre’s equation (1-x7)y"—2xy"+ p(p+1)y =0
where p is a constant about the point x = 0. 1+9=10
b) Define an indicial equation. Solve in series the equation
(1-x*)y" —xy' +4y =0 near the point x=0. 1+9=10
c) 1) Prove that if y(x) is a solution of the TVP:
y'=f(xy), ¥(x,)=y, .onan interval I containing x, if
and only if it is a continuous solution of the integral equation

yx) =y, + I S, y())dt onl, where f is continuous in a

domain D containing the point (x,, ;).

i) Using Picard’s method of successive approximations,
find the first three approximations of the solution of the

equation %‘i =x+y’ where y=0 when x=0. 5+5=10
dx
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d) Define Lipschitz continuity. Prove that if £ is continuous

and satisfy a Lipschitz condition in
=X, y): |.\‘—x0‘ < a.\y—y0| <b,a>0,b>0} and ifin the
IVP: y' = f(x,y), ¥(x,)=Y,, the initial value changes by a
small amount, say |y, —¥,| < & . then the solution also
changes accordingly by a small amount, that is,
ly(x)-y(x)|<¢. 149=10
e) State Picard’s Existence Theorem. Consider the initial valye

e oS
problem /B y°, ¥(0)=0 on
dx
R={(x.y):0<x<a.ly|<h,a>0,h>0}.Show that Picard’s

theorem guarantees the existence of a solution of the above

: ]
[VP on the interval M & S

—_

2. Answer any 2 (two) of the following questions: 10x2 =20

a) 1) Represent the following linear equation
u" +3v'+4u+5v=6x and v'—u'+4u+v=cosx in
vector matrix form.

11) Prove that if the Wronskian of two solutions of the
differential equation a,(x)y" +a,(x)y"+a,(x)y=0
where ag,(x), a,(x), a,(x) are continuous and
a, #0 Vx €(a,b) is linearly independent, then

—I (l! (;r)(/X
W)= =Y 5+5=10

-b) 1) Use Wronskian to show that the functions x, x* and x°
are linearly independent. Determine the differential
equation with these as an independent solution.

ii) Prove that two solutions of the linear homogeneous
- second order differential equation

a,(x)y" +a,(x)y"+a,(x)y =0 where a,(x), a,(x), a(x)
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are continuous and a, # 0 Vx € (a.b) are linearly

dependent if and only if their Wronskian is identically
zero. 5+5=10

¢) Define Wronskian. Show that the solutions e*, €**, e™* of

d) Consider the system Y = AY + B where 4= (3 2) ;
0

e
)

y"=3"-4y"+4y =0 arc linearly independent and hence or
otherwise solve the given equation. 149=10

3

2xe”

Ix
J is a fundamental

3x

)

matrix. Compute a solution Y of the system with ¥(0) =(:]

B =( eﬂ } Show that ¢(x) = x
L" O

10

3. Answer any 3 (three) of the following questions: 10 x 3 = 30

a) 1) Prove that every second order linear differential equation

b)

can be put in self-adjoint form.
1i) Find the sclf-adjoint form of the Legendre equation
(1-x*)y"-2x" +n(n+1)y=0.
ii1) Find the self-adjoint form of the Bessel equation
Xy +xy' +(x*-n*)y=0. 6+2+2=10
If f(x) and g(x) are real solutions of

-‘%[P(x) %J +0(x)y=0 and [P(x) %:I"’Qz(x)}’:o
on the interval [a,b] respectively such that P(x) >0,

Q,(x)>Q,(x) and if x; and, x, are successive zeros of f(x)
on [a.b], prove that g(x) has at least one zero at some point

of the open interval x, <x <x,. 10
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Prove that if f(x) and g(x) are two linearly independent

d :
solutions of L,[y]= f{—{P(x) _y} +QO(x) y =0 on an interval
dx dx
I =[a,b], then between any two successive zeros of f(x),
there exists exactly one zero of g (x) . Show with the help of

an example that the number of zeros of linearly independent
solutions of L,[y]=0on an interval / differ at most by one.

8+2=10
Find the eigenvalues and eigenfunctions of the Sturm-
Liouville system 10
y'+Ay=0, 0<x<rx
y(0)=0, y'(7)=0
What is a periodic Sturm-Liouville system. Define
eigenvalues and eigenfunctions of a Sturm-Liouville system.

Prove that the eigenfunctions of a periodic Sturm-Liouville
system in [a,b] are orthogonal with respect to the weight

function s(x) in [a,b]. 1+2+7=10

* &k kk
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