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1. a) Show that field homomorphism is either zero or 1-1. 
b) Let Fbe a field and p) E F[x] be an irreducible polynomial. 

Suppose a be a root of p() in some extension of F. Then 
F(*) prove that F(a) = <(p()> 

2. a) Prove that every prime subfield of a field is isomorphic to 

Duration: 3 Hours 

b) Find the splitting field ofx- 2 over Q. 

i) px) is irreducible over E 

4. a) Let E be a field extension of F and u EE is algebraic over F. 
Let p() EF[x] be a polynomial of least degree such that 
pu) =0. Show that 
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ii) Ifg) EF[x] such that g(u) =0, then p()lg(). 

3 

3. Let ¢ :F→F be an isomorphism of fields. Let f) E F[x] be a 
polynomial, and f') E F'() be the polynomial obtained by 
applying to the coefficient of fx). Then prove that EgE' and o 
restricted to F= where E and E are the splitting fields of fx) and f'() respectively. 

7 

6 

4 



ii) There is exactly one, monic polynomial p() EF[x] 
of least degree such that p(u) =0. 

EMA-003 

b) Prove that every irreducible polynomial over a field of char 
O is separable. 

5. Let L=F(a,, a2,........, a) be a finite extension of F where each 
a, is separable over E Then prove that there exists aEL 

separable over F such that L-F(a). Furthermore, if F is infinite. 
then show that a can be chosen to be of the form 
a =tattz@zt....... tt, a, where t, E F. 

Answer any 3 (three) of the following questions: 
6. Prove that K|F is Galois iff K is the splitting field of 

separable polynomial over F. Further, if this is the case then 
every irreducible polynomial in F/x] which has a root in K is 
separable and has all its roots in K. 

10. 

8. a) Prove that distinct subgroups of the automorphisms of a 
field K has distinct fixed fields. 

7. Let G=(o =1,oz, .., on} be a subgroup of the automorphisms of 
a field K and let F be its fixed field. Then, show that 
[K:F]-n-|G. 

fields. 

10 x3 =30 

b) Find Gal(@V2, V3)|Q). Also find all the subgroups of the 
Galois group Gal(@V2, V3,)/Q) and its corresponding fixed 

7 

3 

9. a) IfL is the splitting field of a separable polynomial f() EF[x] 
of degree n, then prove that there is a 1-1 group 
homomorphism from Gal(L|F) Sn: 
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uniquely determined by its values on a1, @21 -. .. Cn: 
Let K bea Galois extension of F and G = Gal(K/F). Then prove 
that there is a bijection between the subfields of K containingF 
and subgroups of G, where any subfield L corresponds to the 

3 

7 

b) Let FcLbea finite extension and o E Gal(L| F). Then, 
prove that for any non constant polynomial h(x) EF[x] with 
a EL as a root, o (a) is another root of h(x) lying in L. 
Further, show that if L= F(a,, az, ....... an) then o is 

6 

4 



Galois group Gal(KL) and any subgroup H ofG corresponds to 
the field of elements fixed elementwise by H: 

L→(automorphism in G fixing L elementwise} and 
{the fixed field of H H. 

and (K: L]= |H| and [L: F]=|G: H, the index of Hin G. 
Furthermore, prove the following 

i) The correspondence is inclusion reversing i.e. if the fields 
Lj and L2 are associated with the subgroups H; and H, 
then L, CL;iff H, <H, 

ii) Kis always Galois over L with Gal (KL) =H. 
iii) L is Galois over Fiff H is a nomal subgroup of G. 

Answer any 2 (two) of the following questions: 
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11. a) Let F be a field and n be a positive integer. Then prove that 
there exists a primitive n" root of unity in some extension E 
of F iff either char F=0 or char F }n. 

b) Prove that any two finite fields with p" elements are 
isomorphic. 

12. Define nCyclotomic polynomial. Prove that " Cyclotomic 
Polynomial is an irreducible polynomial of degree o(n) in Z [. 

13. If E, is a radical extension of F = Eo with intermediate fields 

E, E,.., E- written in ascending order such that 
i) E,c E 

10 x 2= 20 

E,Ez, ... Er Written in ascending order, then prove that there exists 
a radical extension E of F = Eo with intermediate fields 

ii) E is a normal extension of F 

***** 

ii) E is a spliting field of a polynomial of the form 
x– b, E EL1], i-1,2,....n 
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