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The figures in the margin indicate full marks for the corresponding questions.
Answer all questions:

1. Choose the correct answer from the following and rewrite it : 1x3=3
(a) The group of automorphisms of an infinite cyclic group is of order

(1) only one (i1) exactly two

(i11) infinite (1v) zero

(b) Let G be any group and take S = G. Define * by a * * = aza™! Va,x € G. This
action of GG on itself is called

(1) right translation (11) left translation

(1i1) conjugation (iv) stabilizer.

(c) If A, B are finite cyclic groups of order m and n respectively, then A x B is cyclic

if
1) m<n (i)m>n
(i) m=n (iv) (m,n) = 1.
2. Write very short answer for each of the following questions: 1xX6=6

1. When a subgroup H of a group G 1is called characteristic subgroup?

2. Write the correct relationship among A(G), Aut(G) and I(G) associated with an
arbitrary group G.

3. Define Sylow’s p-subgroups of a group G.
4. Define External Direct Product of two groups.
5. State the generalized Cayley Theorem.

6. When a group G is said to be simple?
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3. Write short answers for each of the following: 3 x5=15

(a) Let G be a group that acts on a set S. Let x € S, then show that there exists a
one-one onto map from G, to the set of all left cosets of G, in G.

(b) Ifcl(a) denotes conjugate class of a in GG, then prove that cl(a) = {a} < a € Z(G).
(¢) Show that a homomorphism from a simple group is either trivial or one-to-one.

(d) Suppose a group G is an IDP of its subgroups H and K. Prove that H and K have
only the identity in common.

(e) If a group G has only one p-subgroup H, then prove that H is normal in G.

4. Answer the following questions: 4x 5=20

(a) Suppose a group G acts on two sets S and 7" with x defined by g (s,t) = (gs, gt) is
a G-action on S X T'. Prove that stabilizer of (s, t) is the intersection of the stabilizers
of s and ¢.

(b) If G’ is the commutator subgroup of a group G, prove that

(i) G'isnormal in G,

(i) G/G' is abelian.
(c) If o(G) = 216, then prove that G is not simple.

(d) Suppose X is a conjugate class of a non-trivial elements of G and let 7" € Aut(G).
Prove that 7'(X) = {T'(x) : x € X} is a conjugate class of elements of .

(e) Show that A5 cannot contain a subgroup of order 30, 20 or 15.

5. Answer any two of the following questions: 6x2=12

(a) Let G be an infinite cyclic group. Prove that AutG = Z,, symbols have usual
meaning.

(b) Let f : G — G be a homomorphism. Suppose f commutes with every inner
automorphism of GG. Show that

(i) K ={x € G: f*(x) = f(x)} is a normal subgroup of G,
(i) G/K is abelian.

(¢c) Suppose a € G has only two conjugates in (G, then show that the number of distinct
elements g € G such that g~'zg = y is o( N (z)).
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6. Answer any two of the following questions: 6 x2=12

(a) Let o(G) = pq, where p, q are distinct primes such that p < ¢, p 1 ¢ — 1. Show that
G 1s cyclic.

(b) Let G be a finite group and p is the smallest prime divisor of o(G). Show that a
subgroup H of index p in GG is normal in G.

(c) Prove that a normal subgroup H of GG is maximal if and only if the quotient group
G/ H is simple.

7. Answer any two of the following questions: 6 x2=12

(a) Let Hy, Hs, ..., H, be normal in G. Then G is an IDP of Hy, H,, ..., H, if and
only if
(i) G=HHy - H,
(11) Hz N H1H2 ce Hi—lHH—l s Hn = {6} for all ¢ = 1, 2, cee, 1.

(b) Let p be a prime and m is a positive integer such that p™ divides o(G). Then show
that there exists a subgroup H of GG such that o( H) = p™.

G
(¢) Let H, K are the normal subgroups of a group G. Prove that Tk
G

to a subgro ofo
u u — X —.
group 75K

is isomorphic

keookosk skok
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