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Answer all questions.
Choose and rewrite the correct answer for each of the following:
1Xx3=3
a) Which of the following does not form a group?
(1) Set of integers together with usual addition,
- (i1) Set of rational numbers with respect to usual multiplication.

- (1i1) Set of even integers with respect to usual addition,
(iv) Set of real numbers with respect to usual addition.

b) If G is afinite cyclic group of order n then the number of distinct
subgroups of G is

<Ti) the number of distinct divisors of n
(ii) the number of distinct multiples of n
(iii) zero
(iv) infinity
c¢) The set A, of all even permutations of symmetric group S, (n >
2) is a normal subgroup of S, such that

(i) 0(A4,) = o(Sy) ,
/(i) o(4,) = 2

2
(i) 0(Ay) = 2 0(Sn)
(iv) 0(Ay) =232
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2. Write very short answer for each of the following: 1x6 =6
a) Show that inverse of each element a in a group G is unique.
b) Define normal subgroup of a group.
¢) LetG = {-1,1,~i,i,~j,/, =k, k} be the Quaternion group.
What are the generators of G?
d) Define an isomorphism.
e) If f:G - G'is a homomorphism, then show that f(e) = ¢/,
where identities e € G,e’ € G'.
f) Find the kernel of a homomorphism f: (R*,.) = (R*,.), such
that £(x) = x*,
where R* = R — {0}, R* is the set of positive real numbers.

3. Write short answers for each of the following: 3x5=15

a) Show that a finite semi-group in which cancellation laws hold is
a group.

b) LetS = R — {—1}, R is the set of real numbers. Define a binary
composition * on S by a*b=a+b+ab Va,bE€S.
Then show that (S, #) is a group.

¢) Show that intersection of two subgroups of a group G is again a
subgroup of G.

d) If a € G be a finite group of order n and also a™ = e, then show
that n|m.

e¢) If G is a finite group and H is a subgroup of G, then prove that
o(H) divides o(G).

4. Write answer for each of the following: 4x5=20

a) Prove that a non-empty subset H of a group G is a subgroup of G
ifand only ifa,b € H = ab™! € H.

b) Let H be a subgroup of a group G and N(H) ={a €
G |aHa™' = H}. Prove that N(H) is a subgroup of G which
contains H.

¢) Prove that a subgroup H of a group G is normal in G if and only
if g7*hg € H for
alh€H,g €q.
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d) If f:G = G’ be an onto homomorphism with K = Ker [, then

G ‘)
" 3 ¢ o E.: ( .
prove that ~ !

¢) Show that any infinite cyclic group is Isomorphic to (Z,+), the
group of integers.

5. Answer any 2(two) questions: 6x2=12
a) Prove that a non-empty set G together with a binary operation ’,
is a group iff
(i) a(bc) = (ab)c, Y a,b,c € G
(ii) For any a, b € G, the equations qx = and ya = b have
unique solutions. 2+4=6
b) Let p be a fixed prime and let Iy =1{1,2,..., p — 1}. Then,
prove that Z, forms a group with respect to the composition
multiplication modulop ' @,,’.
¢) Define General Linear Group of order 2 x 2. Show that the set of
all matrices
G = {[z 3]:a,b,c,d € R,ad - bc # O}
forms a non-abelian group under matrix multiplication. 1+5=6
6. Answer any 2 (two) questions: 6x2=12

a) Let G be a group and N@)={x€GCG|xa=axVac G} be a
normalizer of @ in G. Show that N (x7'ax) = x"IN(a)x for all
a,xe€Qq,

b) LetG be a finite group whose order is not divisible by 3. Suppose
(ab)? = g3p3
forall g, b G, then show that G is abelian.

¢) Define product of two subgroups H and K of a group G. If H and
K are two subgroups of a group G,

N prove that o (HK) = o(HNK) '
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7. Answer any 2(two) questions: 6x2=12

a) Let G be a finite group and suppose p is a prime such that p|o(G),
then prove that there exists x € G such that o(x) = p.

b) Let H and K be two subgroups of group G, where H is normal in
G, then prove that




