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The figures in the margin indicate full marks for the questions. 

Answer all questions. 

 1. Using 𝜀 − 𝛿 definition, show that lim
𝑥→𝑎

𝑥2 = 𝑎2. 4 

 2. State Squeeze theorem. Using the same, show that lim
𝑥→0

𝑥
3

2 = 0. 4 

 3. Prove that every uniformly continuous function on an interval 𝐼 is  

  continuous on 𝐼. 4 

 4. By using 𝜀 − 𝛿 definition, prove that the sine function is continuous  

  on ℝ. 4 

 5. Let 𝑓: 𝐴 → ℝ and let 𝑐 be a cluster point of 𝐴. Then, prove that the  

  following statements are equivalent: 

   a) lim
𝑥→𝑐

𝑓(𝑥) = 𝐿 

   b) Given any 𝜀 − neighbourhood 𝑉𝜀(𝐿)  of 𝐿, there exists a  

    𝛿 −neighbourhood 𝑉𝛿(𝑐) of 𝑐 such that 𝑥 ≠ 𝑐 is any point in  

    𝑉𝛿(𝑐) ∩ 𝐴, then 𝑓(𝑥) belongs to 𝑉𝜀(𝐿). 8 

Or 

    State Sequential Criterion theorem for limits. Prove the same. 8 
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 6. Answer any two questions from the following: 𝟖 × 𝟐 = 𝟏𝟔 

   a) Let 𝐼 = [𝑎, 𝑏] be closed bounded interval and 𝑓: 𝐼 → ℝ be  

    continuous on 𝐼. Then, prove that 𝑓 is bounded on 𝐼. 

   b) Let 𝐼 = [𝑎, 𝑏] be a closed bounded interval and let 𝑓: 𝐼 → ℝ be  

    continuous on 𝐼. Then, show that 𝑓 has an absolute maximum  

    and an absolute minimum on 𝐼. 

   c) Let 𝐼 = [𝑎, 𝑏] and let 𝑓: 𝐼 → ℝ be continuous on 𝐼. If 

     𝑓(𝑎) < 0 < 𝑓(𝑏) or if 𝑓(𝑎) > 0 > 𝑓(𝑏). Then, prove that  

    there exists a number 𝑐 ∈ (𝑎, 𝑏) such that 𝑓(𝑐) = 0. 

 7. Answer any three questions from the following: 𝟖 × 𝟑 = 𝟐𝟒 

  State and prove  

   a) Caratheordary’s theorem. 

   b) Interior Extremum theorem. 

   c) Rolle’s theorem 

   d) Darboux’s theorem. 

 8. Answer any two questions from the following: 𝟖 × 𝟐 = 𝟏𝟔 

   a) State Taylor’s theorem in finite form with Lagrange’s form of  

    remainder. Prove the same. 

   b) Let 𝐼 be an interval, let 𝑥0 be an interior point of 𝐼, and let 

     𝑛 ≥ 2. Suppose that the derivatives 𝑓′, 𝑓′′, … , 𝑓(𝑛) exist and  

    are continuous in a neighbourhood of 𝑥0 and that 

     𝑓′(𝑥0) = ⋯ = 𝑓(𝑛−1)(𝑥0) = 0, but 𝑓(𝑛)(𝑥0) ≠ 0  and 𝑛 is  

    even. Then prove that 𝑓 has a relative maximum or a relative  

    minimum at 𝑥0 according as 𝑓(𝑛)(𝑥0) > 0   𝑜𝑟  𝑓(𝑛)(𝑥0) < 0. 

   c) Let 𝐼 be an open interval and let 𝑓: 𝐴 → ℝ have a second  

    derivative on 𝐼. Then, prove that 𝑓 is a convex function on 𝐼 if  
    and only if  𝑓′′(𝑥) ≥ 0 for all 𝑥 ∈ 𝐼. 
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